Two theorems on the minimum number of intersections for complete graphs  by Saaty, Thomas L.
JOURNAL OF COMBINATORIAL THEORY 2, 571-584 (1967) 
On 
Two Theorems 
the Minimum Number of Intersections 
for Complete Graphs 
THOMAS L. SAATY 
U. S. Arms Control and Disarmament Agency, 
Department of State, 
Washington 25, D. C. 
Communicated by George Uhlenbeck 
ABSTRACT 
After summarizing results of work on a conjecture regarding the minimum number 
of intersections of a complete graph drawn in the plane, the paper gives two theorems: 
one regarding a realization scheme for the conjectured quantity, and the other egarding 
a proof that essentially, the result would be minimal if it could be shown that a com- 
plete graph on n vertices with a minimum number of intersections contains a complete 
subgraph on n -  2 vertices with a minimum number of intersections. 
1. INTRODUCTION 
In 1954 Zarankiewicz [8] gave a derivation of the minimum number of 
intersections of the edges of a bipartite graph in which all possible edges 
are drawn in the plane. He also gave a scheme which realizes this number. 
The assumption is that no more than two edges intersect at a point which 
is none of the vertices of the graph and that two edges intersect in no more 
than a single point. 
In 1960 Guy [2], using the same assumption, conjectured a similar 
result for the minimum number of intersections in a complete graph on 
n vertices (which we denote by Gn) drawn in the plane, for which he also 
indicated a realization scheme. Several papers appeared on the subject 
since [1, 3-5]. In 1964 we independently conjectured the same result. 
Here, we give a realization scheme for it and prove that it represents he 
minimum number of intersections with the assumption that a Gn with 
a minimum number of intersections contains a subgraph Gn_~ which also 
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has a minimum number of intersections. This last fact has not been pro- 
ved yet, but there is considerable vidence supporting it together with a 
collection of interesting observations that may have greater use in general. 
2. A SUMMARY OF RESULTS 
The complete m by n bipartite graph has the following minimum 
number of intersections derived by Zarankiewicz: 
(r 2 -- r) (s ~ -- s) 
( r '  - -  r ) s  2 
r2 (s  2 - -  s )  
r2s 2 
i fm=2r ,  n=2s ,  
i fm=2r ,  n=2s§  1, 
i fm=2r+l ,  n----2s, 
if m= 2r + 1, n=2s+ 1. 
(1) 
The realization is obtained as follows: 
Consider rectangular coordinates in the plane; if m = 2r take on the 
x axis the points with abscissas 
- -  r ,  - -  ( r  - -  1 ) ,  . . . ,  - -  2 ,  - -  1, 1, 2, ..., r ,  
and if m = 2r q- 1 take on this axis the points with abscissas 
- -  r ,  - - ( r  - -  1), ..., - -  2 ,  - -  1 ,  1 ,  2 ,  . . . ,  2 ,  r + 1 .  
A similar arrangement is used for the remaining n points on the y axis 
and every point of one set is joined to every point of the other set by a 
straight line. 
I f  In denotes the smallest numbers of intersections in Gn then the follow- 
ing bounds were given by Guy [2]: 
I ,~  4 (3) 
l n(n -- 1) ~ (n - 4) n even 
In _< (The Conjecture) (4) 
1 
6-~ (n -- 1) 2 (n -- 3) 2 n odd 
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n 
(.)/(. 4) 
&>I~ k k 4 
I f  equality holds in (4) for n odd then the other relation holds for the 
next value of n. Thus if 
1 I,,_l = ~ (n -- 2) 3 (n -- 4) 3 
when n -- 1 is odd then because of (6) with k = n -- 1 we have 
, 
n- -  1 =~n(n- -2 )  2 (n -4)~I  n. 
Thus the induction can be used from odd to even but not from even to 
odd. Guy also suggests a realization scheme which is essentially the one 
we describe and pursue below. Harary and Hill [3] repeat he conjecture 
and also conjecture that it cannot be realized with straight edges for 
n = 8 and n ~ 10. Bla~ek and Korean [1] give the relation 
nln-a <_ (n - -  4)In 
and independently state the conjecture and develop other results which 
were also cited by Guy above: Saaty [5] again independently gave the 
conjecture, a realization with a discussion of its structure, and the proof 
(first published below) of a fact already mentioned in the introduction. 
He also gave a realization scheme on a straight line for the bound: 
I n (n - 2) 3 (n -- 4) n even 
s. ~ (7) 
(n - -  1) (n - -3 )  (n 2 -4nq-  1) nodd 
In [6] he also gives a proof of an isomorphism of all Gn graphs with a 
minimum number of intersections with a specific one (see below). 
Moon [4] has shown that, if the vertices of G,~ are uniformly and inde- 
pendently distributed over the surface of a sphere and the shortest arcs 
of the sphere are used to join them, then the number of intersections 
has a normal distribution. 
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In an unpublished note, my student Paul Kainen has shown that, 
asymptotically, the minimum number of intersections has the conjectured 
form. 
3. THE REALIZATION AND A THEOREM 
It is convenient at this point to state: 
LEMMA 1. Every G4 may be geometrically represented byone of the 
following two types: 
(a) (b) 
FIGURE 1 
Note that for our purpose, even though the two forms are isomorphic, 
they differ in the number of intersection points. In addition, every vertex 
of the graph of type (a) can be joined by an edge to a new vertex in the 
outside region without intersections. There would be at least two in- 
tersections if a new vertex is located in an interior region and is joined to 
all the vertices. In the graph of type (b) no matter where a fifth vertex 
may be located there is always at least one intersection point obtained 
from joining this vertex to all four vertices. 
Let us give a motivation for the conjecture. Let n = 2r. The graph G~ 
may be generated by taking a distinct pair of vertices and obtaining their (r) 
corresponding G4's. There are in all 2 G4 s, each of which can be 
of type (b). The connection of each of n -- 4 points outside a given G4 
to the vertices of this G4 will generate at least one intersection yielding 
( r )  (n2  - -4) intersect ions  (with repetition). In addition each vertex 
of a G4 is a part of (r -- 1) additional G4's. This gives 
r 
intersections. Each intersection is counted by this argument once for 
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each vertex associated with the intersection. Thus the number of inde- 
pendent intersections i at least 
(2 )  (n - -4 )  ( r - l )  
4 
and there are no repetitions. 
Thus the total number of intersections between G4's is at least 
r r - -1  
which is the number conjectured. 
When n is odd the same procedure is followed except that the remain- 
ing vertex can be connected to the vertices of a G4 but each additional 
intersection in this case would be counted only once. Thus (r - -  1) 2 
( r )  ( r ) in tersect ions  intersections must be added to the above yielding 2 2 
[71 
THEOREM 1. The bounds 
-~n(n  - -  2) 2 (n -- 4) 
1 
64 (n--  1) 3 (n -3)  3 
are realizable. 
n=2r ,  r = 0,1, 2, ... 
n=2r§  1, r=O,  1,2 .... 
PROOF: We consider a scheme which uses two concentric equilateral 
polygons with parallel sides and with an equal number of vertices (in the 
even case), placing the odd vertex at the center of the inner polygon in 
the odd case. 
We have the following four cases to consider. They are n = 4m, 
n = 4m q- 1, n = 4m q- 2, and n = 4m q- 3. The difference between 
the two even cases and between the two odd cases are minor but will be 
accounted for. We start with the case n = 4m q- 2 and consider three 
sets of connections. 
1. Connections of the vertices of the interior polygon inside that poly- 
gon. 
2. Connections of the vertices of the exterior polygon by edges outside 
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the polygon, connecting a vertex to another by an edge to the left or to 
the right depending on which side the other vertex is nearer (i.e., sep- 
arated by a smaller number of vertices) to the given vertex. 
3. Connections of the vertices of the inner polygon to those of the 
outer polygon in the region between these polygons using axes of sym- 
metry passing through neighboring pairs of vertices of the inner and 
outer polygon to determine which side of an axis connections are to be 
made. 
The vertices of the inner polygon are connected two at a time by 
straight lines interior to that polygon. The number of intersections with 
all edges from a Specific vertex are obtained by considering the intersec- 
tions produced by the connecting edges of an immediately adjacent 
vertex on the interior polygon, then from the vertex adjacent to that, 
and so on. This gives the following numbers of intersections, respectively: 
2m--2 
(2m- -2)+(2m- -  3 )+ -.. + 1 = Z k 
k=l  
2m-3  
(2m- -3)+(2m- -4)+ 1 = ~ k 
k=l  
1-----1 
We add these intersections, multiply the result by (2m + 1) vertices 
(as there are that many vertices on the interior polygon), and divide by 4, 
since every intersection is counted four times once from each of the four 
vertices which determine the pair of intersecting edges and we have: 
2m+ 1 [2m-2 ~m-3 ] 
4 L~I k+ k=l ~] k+ . . .  + 1 
Because of symmetry, the intersections of the outer polygon in the outer 
region can be obtained from those in the interior egion by stereographic 
projection in which the roles of the outer and inner polygons are inter- 
changed. Alternatively connection can be made to the left and to right 
of the axis of symmetry described in the next paragraph. Thus doubling 
the above number and simplifying we have: 
(2m+ 1)2m(2m --1) (2m -- 2) =2{n~ 
(8) \4) 12 
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For the intersections in the region between the two polygons, we consid- 
er an axis of symmetry along the line connecting a chosen vertex of the 
inner polygon with the corresponding vertex of the outer polygon such 
that the chosen vertex is connected to the m vertices of the outer polygon 
to the left of the axis by lines to the left, and to the m vertices to the right 
by lines to the right. We wish to consider the total number of intersec- 
tions occurring at lines emanating from one inner vertex, for due to sym- 
metry we may obtain the total number of all intersections from this 
number by multiplying by (2m q- 1) to allow for all inner vertices and 
dividing by 2 to allow for the fact that each intersection involves two 
inner vertices. 
Consider a vertex of the inner polygon and the edge el from this vertex 
to the first vertex on the outer polygon to the left of the axis of symmetry. 
Lines emanating from the first vertex to the left of the given vertex on the 
inner polygon will cross it rn times; lines from the second vertex to the 
left will cross it rn -- 1 times; and so on. Lines emanating from the first 
vertex on the inner polygon to right of the given vertex will cross this 
line m -- 2 times; lines from the second vertex to the right will cross this 
line m -- 3 times, and so on. These two sequences (the left connection 
sequence and the right connection sequence) will terminate in two ver- 
tices of the inner polygon which produce no crossings. We now have the 
combined sequence giving the number of intersections with el 9 It is 
m,m--1 ..... 1 ,0 ,0 ,  1 ..... m- -2 .  
For the edge L2 from the given vertex to the second vertex to the left of 
the axis, a similar sequence occurs shifted over by unity, i.e., we have: 
mq- l ,m ..... 1, O, O, 1 ..... m- -3 .  
Continuing analogously, we reach the mth edge e,~ to the left which has 
the sequence: 
2m -- 1 ..... 1, O. 
The same procedure follows for edges to the right of the axis. For the 
edge along the axis, the sequence becomes: 
m- -  1, m- -2  .... ,1, O, O, 1 .... ,m- -2 ,  m- -  1. 
This yields a set of sequences as follows: 
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2m -- 2 ,2m -- 3,..., 
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1, 0 
1, 0, 0 
m, m- -  1,..., 
m- -  1, m- -2 , . . . ,  
rn - -2 ,  m- -3 , . . . ,  
Thus we have a total of 
1 ,0 ,0 ,  1 , . . . ,m- -3 ,  m- -2  
1 ,0 ,0 ,  1 ..... m--2,  m--1 
1,0 ,0 ,  1 , . . . ,m- - l ,m 
, , ,  9  
9 . 9 9 
9 , 9 , 
0, 0, 1 ..... 2m- -3 ,  2m- -2  
0, 1 ..... 2m- -2 ,2m- -  1 
2m--1  k ] 
2t~1 2J i 
i=1  
intersections contributed by connections from one vertex of the inner 
polygon. This is now multiplied by (2m -t- 1) and divided by 2 to obtain 
for the total number of intersections in the region enclosed by the poly- 
gons: 
(2m+ 1)[2~1 k ]~]  i = (2m+l)(2m--1)(2m)(4m+2) (9) 
k=l  i= l  12 
The sum of this quantity with that given in (8) satisfy the result of the 
theorem. 
An identical argument can be applied to the case n = 4m obtaining 
corresponding results. Since the axis of symmetry passes through dia- 
metrically opposite vertices, it is immaterial on which side of the enclosed 
region and also of the outer region connections are made to a diametri- 
cally opposite vertex as long as the same side is used with respect o 
every symmetry axis. 
We now briefly describe the procedure for the odd case n = 4m -/- 3. 
The construction scheme again involves two equilateral concentric poly- 
gons each of (2m -{- 1) edges and one vertex placed at the center. All 
vertices are connected as in the corresponding case of n = 4m q- 2 with 
the added stipulation that the center is to be connected to the other 
vertices by straight edges. Thus the inner polygon is rotated so that no 
vertex is opposite a vertex of the outer polygon, making it possible to 
draw straight lines from the center. The argument for the inner and outer 
intersections i  identical to the previous case. 
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The total number of intersections will remain the same as in the cor- 
responding case of n = 4m + 2 except for those intersections involving 
an edge from the center. These edges will intersect with edges interior to 
the inner polygon including the sides of the polygon and with edges in 
the enclosed region. The enclosed region is symmetric with respect o 
each inner vertex. Furthermore, the pattern for each vertex is easily 
shown to yield the following number of intersections: 
m,m -- 1, m -- 2, ..., 1, O, O, 1 ..... m -- 2, m -- 1, 
giving a total increase (in the number of intersections of that region) of 
(2m + 1) i + i = m2(2m + 1) intersections. 
i~l  
These intersections are made with m edges emanating from the vertex 
of the inner polygon to the left (or to the right of its axis of symmetry) 
nearest which the straight line passes to m vertices of the outer polygon 
and then with (m -- 1) edges from each of the two vertices adjacent o 
this vertex, etc. The inner region may be treated by considering the num- 
ber of intersections made by lines radiating from the center with each 
of the edges in the inner region. We can characterize each such edge by 
the number of edges of the perimeter of the inner polygon which it 
subtends (we count the smaller of the two components). An edge of the 
perimeter would subtend one edge (i.e., itself) while a maximal diagonal 
would subtend m edges. Because each edge of the inner polygon cor- 
responds to a vertex of the outer polygon, an edge which subtends k
polygonal edges will have k intersections with lines from the center to the 
outer polygon. Furthermore, this edge will have k -- 1 intersections with 
lines from the center to the inner polygon, corresponding to the k -. 1 
vertices cut off by the lines (excluding the end-points). This yields a 
total of 2k -- 1 intersections per edge. Note that there are (2m + 1) 
such edges for any value of k. Therefore, the total number of intersections 
for the inner region is 
(2m + 1)[  ~ (2k -- 1)1 z m2(2m + 1). 
k k=l J 
Thus for the case n = 4m + 3 we have: 
(2m + 1) (2rn) (2m -- 1) (2m -- 2) 
24 
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for the outer region intersections, 
(2m) (2rn + l) (2m + 2) (4m -- l) 
12 
for the enclosed region intersections, and 
(2m) (2m + 1)2(2m + 2) 
24 
for the inner region intersections, yielding the total number: 
rn2(2rn + 1) 3, 
which is again consistent with the result (n -- 1)~(n -- 3)2/64 of our 
theorem. 
An identical procedure is used for the case n = 4m + 1 except hat 
the central vertex is to be placed slightly off-center so as not to interfere 
with intersections between two of the main diagonals. Figure 2 is a 
realization of the case n = 10. 
l 
FmURE 2 
REMARK: The following observations made on Figure 2 hold in general. 
Note from the figure that, if vertices are paired by taking a vertex of the 
outer polygon and its correspondingly prime labeled vertex on the inner 
polygon, then all G4's corresponding to this pairing are of type (b). 
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Note also that the removal of any such pair leaves the same number of 
intersections as the removal of any other such pair and the resulting 
graph is a realization of the bound for a graph with two less vertices. 
LEMMA 2. All Gs's with a minimum number of intersections, when 
their intersection points are regarded as vertices, are isomorphic to the 
graph of the diagram in Figure 3. 
v I v 2 
FIGURE 3 
PROOF: Once the two intersecting edges of the original graph are iden- 
tified with the edges e I and e2 and the end-points are correspondingly iden- 
tified with the vertices Vl, vz and v2, v4 we have a correspondence which 
preserves the incidences of edges with vertices. 
It is trivial to prove that the minimum number of intersection points 
in a G6 is three. 
LEMMA 3. When their intersection points are regarded as vertices, all G6 
graphs with three intersection points are isomorphic to the triangular graph 
on six vertices given in Figure 4. 
FIGURE 4 
PROOF: See reference [6]. 
THEOREM 2. If there exists a minimal-intersection representation of 
Gn(n >__ 7) which has the property that it contains a minimal intersection 
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representation of Gn-k, k ~ 2, 4, 6, then Gn has the number of intersec- 
tions conjectured. 
PROOF: Let n = 2r + 1, r = 0, 1, .... The following inductive proof 
may be easily applied to the case n = 2r. Note that, for r = 0, 1, 2, 
the formula gives the minimum number of intersections; thus let r > 2 
hold. We assume that the theorem is true for n -- 2 vertices and prove 
that it also holds for n vertices. Thus we adjoin two additional vertices 
to the graph on n -- 2 vertices with a minimum number of intersections 
and count all additional intersections obtained by connecting each of 
these two vertices to the remaining (n -- 2) vertices. We show that this 
can be done with a minimum number of additional intersections, and 
the total number of intersections i as given by the formula above. 
Among the (n -- 2) vertices there is at least one set of four vertices 
whose connecting edges do not intersect, otherwise (n -- 2] exceeds the \ 4 / 
assumed quantity for n -- 2 vertices. Let us denote this set by A. Let B 
and C denote the sets of remaining (n -- 6) vertices and the two addi- 
tional vertices, respectively. Let us divide A into two pairs of vertices 
A1 and A2 9 By hypothesis the connections of C with B generate a Gn-4 
with at least 
additional intersections over those of B. Also by hypothesis C generates 
at least 
additional intersections on edges from A1 where C, Ax and B fo rm 
a Gn-2. The quantity 
is the difference between the least number of intersections in Gn_2 and 
that in G~_~. The same number is obtained when C, A~ and B are taken 
together. Thus we have a total of 
intersections with A~, A2 and with B. To this number we must add the 
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total number of intersections resulting from the complete graph with a 
minimum number of intersections on the six vertices of C, A1 and A2 
but not already included in the previous count. The additional intersec- 
tions we are concerned with are those of an edge incident with: 
(1) a vertex in A1 and a vertex in B which intersects with an edge in- 
cident with one vertex in C and another vertex in A2; 
(2) a vertex in A2 and a vertex in B, which intersects with an edge 
incident with one vertex in C and a second vertex in A1 ; 
(3) a vertex in C and a vertex in B which intersects with an edge 
incident with a vertex in A1 and a second vertex in A2 9 
As the following constructive argument must hold for any value of 
n ~ 6, the construction itself must be independent of n and hence must 
be minimal, for otherwise it would violate our induction hypothesis for 
n ~-- 6. Thus our construction for n ---- 6 must be such that the connections 
between each pair of the three sets should not intersect. This yields a 
graph in Figure 1 (b). Similarly, by Lemma 3, the connections of all six 
vertices yield a graph as in Figure 4. In each of the three sets of four 
vertices (including intersections as vertices) there is an interior vertex, 
and hence the connection of each of these three interior vertices to any 
vertex of B lying in the outside region requires the crossing of at least 
one edge, with a total of three. 
In the complete graph on six vertices, which is a synthesis of the three 
graphs on four vertices, three of the vertices when connected to a point 
of B in the outside region the require crossing of at least two edges for 
each one. Thus there are at least three additional crossings for each 
vertex of B lying outside. Similarly in each of the complete graphs on 
four vertices if a vertex of B were interior to one of the three regions in 
Figure l(b) then its connection to exactly one of the other three vertices 
requires the crossing of at least one edge. In the graph on six vertices, 
depending on which of the fourteen regions in which it is located (ac- 
tually only six need be considered as three sets of four regions are 
equivalent), it is easily verified that there is always a total of at least three 
additional edges to be crossed by the edges connecting this vertex to 
each of the other six vertices. Thus in any case there are 3(n -- 6) addi- 
tional connections plus 3 intersections of the complete graph on six 
vertices. We now have: 
9 
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which completes the inductive proof. When n is even the first two terms 
on the left would be different, but the total again gives the desired in- 
duction increment. 
REMARK: The same result can be obtained by an elaborate argument 
which depends on the location of the vertices of C and on those of A1 
and A2 in the complete graph on six vertices, examining their connecting 
edges, and labeling or coloring them according to which of the three 
complete subgraphs on four vertices they originally belonged. Here one 
must exclude inadmissible locations of vertices in which, for example, 
corresponding subgraphs on four vertices have an intersection. By exam- 
ining the different regions in which a vertex of B may be located, one 
again finds that there are three additional intersections to be counted 
for each vertex of B. 
We now conjecture that every minimal intersection Gn contains a 
subgraph Gn-~, which has a minimum number of  intersections. 
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